Abstract. Universe models with compact spatial sections smaller than the observable universe produce a topological lens effect. Given a catalog of cosmic sources, we estimate the number of topological images in locally hyperbolic and locally elliptic spaces, as a function of the cosmological parameters, of the volume of the spatial sections and of the catalog depth. Next we apply the crystallographic method, aimed to detect a topological signal in the 3D distance histogram between images, to compact hyperbolic models. Numerical calculations in the Weeks manifold allow us to check the absence of crystallographic signature of topology, due to the fact that the number of copies of the fundamental domain in the observable covering space is low and that the points are not moved the same distance by the holonomies of space.
Introduction
The question of whether our universe has a finite spatial extension or not is still an open question related to its topology (see Lachièze-Rey & Luminet 1995 for a review and the proceedings of the workshop Cosmology and topology 1998 for latest developments). Recently, there has been a large activity to constrain and/or to observe the shape and the size of the universe. Many methods have been proposed to detect its spatial topology using catalogs of discrete sources like clusters of galaxies (Lehoucq et al. 1996) and quasars (Roukema 1996 (Roukema , 1997 or the cosmic microwave background (Stevens et al. 1993 , de Oliveira Costa et al. 1996 , Cornish et al. 1998a ,b,c, Uzan 1998a . All the methods rest on a "topological lens" effect which generates multiple images of cosmic sources, as soon as the compact spatial sections have a volume smaller than the observable universe. In the past, the idea of using the topological images was extensively applied to universe models with Euclidean (see e.g. Fang & Sato 1983 , Demianski & Lapucha 1987 , Fagundes & Wichoski 1987 , Ellis 1971 ) and hyperbolic (see e.g. Gott 1980 ) spatial Send offprint requests to: R. Lehoucq sections. More recently, the crystallographic method (Lehoucq et al. 1996) , which relies on the existence of topological images whatever the underlying geometry, was applied only to locally flat universes, and was able to put a bound on the characteristic size L of Euclidean space to L ≤ 650 h −1 Mpc (h being the Hubble constant in units of 100 km/s/Mpc). The efficiency of the crystallographic method obviously depends on the number of topological images of a given object within the horizon size or within the limits of current catalogs used for the test. The applicability of the method in Euclidean space has also been discussed by Fagundes & Gausmann (1997) when the size of the physical space is comparable to the horizon size.
We can naturally wonder if the method applies as well in locally hyperbolic or elliptic manifolds, and if we can get any constraint on the size of space from the existing catalogs of cosmic objects. We keep also in mind the growing weight of observational evidence for a low density universe (see e.g. Spergel 1998) . Thus in this article we focus mainly on universes with locally hyperbolic compact spatial sections (Thurston 1979 (Thurston , 1997 ). The universe is described by a 4-manifold M and a Lorentzian metric g and we assume that M can be splitted as M = Σ × IR (see e.g. Hawking & Ellis 1973 for the conditions of such a splitting). As any multi-connected closed threedimensional manifold, Σ can be described by its fundamental domain (a polyhedron) and its holonomy group Γ, which identifies the faces of the polyhedron by pairs (Lachièze-Rey & Luminet 1995) . Such hyperbolic manifolds Σ = H 3 /Γ have a remarkable property that links topology and geometry: the rigidity theorem (Mostow 1973 , Prasad 1973 implies that geometrical quantities such as the volume, the lengths of its closed geodesics, . . . , are topological invariants. The volume can then be used to classify these manifolds (Thurston 1979 (Thurston , 1997 . The volumes of compact hyperbolic manifolds are bounded below (Gabai et al. 1996) by Vol min 0.166, in units of the curvature radius.
The smallest known compact hyperbolic manifold, likely to produce the greatest topological lens effects, is the Weeks space (Weeks 1985 , Matveev & Fomenko 1988 , see Appendix A for a description), such that Vol = 0.94272, r + = 0.7525, r − = 0.5192, where r + and r − are respectively the radii of the largest (smallest) geodesic ball that contains (is contained in) the fundamental domain.
The fundamental domain and the holonomy group of the known three-dimensional compact hyperbolic manifolds can be found by using the software SnapPea written by Weeks (http://www.geom.umn.edu:80/software) which gives all the information needed to compute the topological lens effects, such as the volume, the generators of the holonomy group, the lengths of closed geodesics. Fagundes (1993) already used a universe whose spatial sections had the topology of the Weeks manifold to discuss the controversy about the quasars redshifts. In his paper, he gave an interesting description of the fundamental domain and of the holonomy group. The same author previously studied a 2+1 hyperbolic cosmology (Fagundes 1985) and a universe with hyperbolic spatial sections whose fundamental domain was a hyperbolic icosahedron (Fagundes 1989 (Fagundes , 1990 , known as the Best space (Best 1971) , to investigate the same problem.
In Sect. 2 we describe the crystallographic method and the way to implement it, focusing on the interface with SnapPea. Sect. 3 is devoted to the applicability of this method to compact hyperbolic universes (Sect. 3.1) and to compact elliptic universes (Sect. 3.2) and specially the dependence of the number of images as a function of the density parameter and of the cosmological constant. Numerical results of simulations in the Weeks manifold are given in Sect. 4, and we discuss the influence of the catalog, of the density parameter and of the position of the observer within the fundamental domain.
The crystallographic method in compact hyperbolic universes
In this section, we describe the crystallographic method and the way to implement it to universes with compact hyperbolic spatial sections. The local geometry of such a universe is described by a Friedmann-Lemaître metric
where a is the scale factor, t the cosmic time and dΩ 2 ≡ dθ 2 + sin 2 θdϕ 2 the infinitesimal solid angle. A locally hyperbolic three-dimensional manifold can be embedded in a four-dimensional Minkowski space by introducing the set of coordinates (x µ ) µ=0..3 related to the intrinsic coordinates (χ, θ, ϕ) through (see e.g. Wolf 1984 , Coxeter 1965 
so that the three-dimensional hyperboloid H 3 has the equation
[Note that when a(t) = t, the line element (1) describes a Milne universe which, using the coordinates transformation (t = t cosh χ, r = t sinh χ) reduces to the Minkowski line element in spherical coordinates. This can describe a Ω = 0 open cosmology (see e.g. Misner et al. 1973 ).] With these notations, the comoving spatial distance between two points of comoving coordinates x and y can be computed directly in the Minkowski space by (Fagundes 1989 (Fagundes , 1990 
where x µ = η µν x ν , η µν being the Minkowskian metric. Note that Minkowski space can be mapped onto the interior of an ordinary sphere S 2 of unit radius by using the Klein coordinates (X i ) i=1···3 (Wolf 1984 , Coxeter 1965 defined by
The universal covering space being described, we now choose a topology, i.e. a holonomy group Γ such that the spatial sections are Σ = H 3 /Γ. Σ can be described by its fundamental domain whose 2 K faces are identified by pairs by the elements of Γ. Γ has 2 K generators which, in the case of the Weeks manifold (K = 9) can be obtained from SnapPea and are given in Appendix A.
Indeed, the elements of Γ are isometries so that
The crystallographic method (Lehoucq et al. 1996 ) is based on a property of multi-connected universes according to which each topological image of a given object is linked to each other one by the holonomies of space. Indeed, we do not know these holomies as far as we have not determined the topology, but we know that they are isometries. For instance in locally Euclidean universes, to each holonomy is associated a distance λ, equal to the length of the translation by which the fundamental domain is moved to produce the tessellation in the covering space. Assume the fundamental domain contains N objects (e.g. galaxy clusters), if we calculate the mutual 3D distances between every pair of topological images (inside the particle horizon), the distances λ will occur N times for each copy of the fundamental domain, and all other distances will be spread in a smooth way between zero and two times the horizon distance. In a histogram plotting the number of pairs versus their 3D separations, the distances λ will thus produce peaks. Simulations indeed showed that the pairs between two topological images of the same object drastically emerge from ordinary pairs (Lehoucq et al. 1996) in the histogram.
Two kind of catalogs of astronomical objects can be thought of to apply this method: the galaxy cluster catalogs, which typically have a redshift depth z = 1, and the quasars catalogs, which typically extend to z = 3. Concerning quasars, even if their lifetime is probably too short for them to be good candidates for producing topological images, they are usually part of systems that have a much larger lifetime (Paál 1971) . The angular resolution needed is given by the fact that the objects have a peculiar velocity and that they will not be seen at exactly the same position (Lachièze-Rey & Luminet 1995) . Note that the crystallographic method, contrary to the "direct" method which would try to recognize topological images of individual objects, is not plagued by the evolution problem, i.e. that topological images of the same object are seen at different stages of its evolution.
Estimation of the number of topological images in non-Euclidean universes

Compact hyperbolic universes
To estimate the applicability of the crystallographic method in hyperbolic compact universes, we estimate the number of topological images of a given object up to a redshift z. With the metric (1), the Einstein equations reduce to the Friedmann equation
ρ m being the matter density, Λ the cosmological constant and κ ≡ 8πG/c 4 . H is the Hubble constant defined by H ≡ȧ/a withẊ ≡ ∂ t X. We choose the units such that the curvature
2 and the redshift z defined by 1 + z ≡ a 0 /a, Eq. (7) can be rewritten as (see e.g. Peebles 1993)
For that purpose we have used Eq. (7) evaluated today (i.e. at t = t 0 ) and we have assumed that we were in a matter dominated universe so that ρ m ∝ a −3 [this hypothesis is very good since we restrict ourselves to small redshift].
The radius of the observable region at a redshift z is given by integration of the radial null geodesic equation dχ = dt/a and reads
This equation is integrated numerically and the result can be compared, when Ω Λ = 0, to the analytic expression (see e.g. Gradstheyn & Ryzhik 1980) 
The number of topological images of a given object at a redshift z can be estimated by computing the ratio between the volume of the geodesic sphere of radius χ(z) and the volume of the manifold which is a topological invariant. This leads to
It can be easily understood that this under-estimates the number of images.
As seen on Fig. 1 , detecting the topology with clusters of galaxies would require both Ω Λ0 and Ω m0 to be very low. The situation is much better with groups of quasars (Fig. 2) . Fig. 3 shows the effect of the two parameters (Ω Λ , Ω m ) on the number of topological images inside the observable universe. This also provides an estimation of the number of expected matched circles in the circle method (Cornish 1998a,b,c) .
Given standard values of the cosmological parameters (Proceedings of the "XXIII rd rencontres de Moriond"), the numbers of pairs involving an object and one of its topological images will be statistically low in compact hyperbolic universes. For instance a cluster catalog will give no signature whatever the parameters and a quasar catalog will typically require the cosmological constant to vanish and the density parameter to be Ω m0 < 0.4. It can also be seen that the generic effect of the cosmological constant is to make the horizon volume bigger and thus to dilute the number of topological images.
Compact elliptic universes
We proceed as in the previous section but now the spatial sections are of the form S 3 /Γ, where the holonomy group Γ is either a cyclic group, a dihedral group or the symmetry groups T, O, I respectively of the tetrahedron, octahedron or isocahedron (see Lachièze-Rey & Luminet 1995 for a complete description). The local geometry of the background spacetime is described by a Friedmann-Lemaître universe with the metric
In units of the curvature radius (i.e. when K = +1), the volume of the spatial sections is given by
where |Γ| is the order of the group Γ (e.g. |Γ| = 12, 24, 60 respectively for T, O, I; Lachièze-Rey & Luminet 1995 , Wolf 1984 . Since the volume of the sphere of radius χ is given by
the number of topological images defined as in Sect. 3.1, is
χ(Z) is computed as in Eqs. (8-9) by changing the sign of the curvature index K in Eq. (7) [note that it does not affect Eq. (8)] so that When Ω Λ = 0, this expression can be computed analytically, as in Eq. (10) (Peebles 1993) . We plot N/|Γ| in term of Ω m0 for different values of Ω Λ0 . It can be concluded that the topology of an elliptic space can be detected respectively by a catalog of galaxy clusters (see Fig. 4 ) only if |Γ| > 200 and if |Γ| > 50 in a catalog of quasars (see Fig. 5 ) when Ω Λ = 0.
A non vanishing cosmological constant improves the situation and holonomy groups of lower order can be considered. Nevertheless, we are still constrained by the fact that the total energy density has to be compatible with the estimated age of the universe.
Numerical results
In our numerical simulations, we concentrate only on compact hyperbolic models. We first generate an idealised catalog, C, by distributing homogeneously objects in the fundamental domain. A homogeneous distribution is defined by the requirement that the number of objects per unit volume dN/dV is constant, dV being given by dV = sinh 2 χdχ sin θdθdϕ
with cos θ ∈ [−1, 1] and ϕ ∈ [−π, π]. We first create a catalog in the smallest sphere containing the fundamental polyhedron. Then, in order to obtain a set C 1 , we reject the points lying outside the fundamental domain by checking if they are on the same side of the faces of the fundamental domain than its center. This can easily be achieved when we know the Minkowskian coordinates of the vertices of the polyhedron, which can be obtained from SnapPea (see Appendix A). We then unfold the catalog by applying the generators of the holonomy group to obtain the set C 2
where χ m is the maximal value of the radial coordinate of the set C 2 . To generate a catalog with a given depth z in redshift, we truncate C 2 so that
where χ(Ω m0 , Ω Λ0 ; z) is given by Eq. (9). This accounts as selecting the objects located within the geodesic ball of radius χ(Ω m0 , Ω Λ0 ; z) centered onto an observer placed at the centre. We then compute all the three dimensional separations between all the pairs of C(z) and plot the histogram of the number of pairs with a given separation. Indeed the former procedure applies when the observer stands at the center of the polyhedron (χ = 0). Now, if the observer is at a position, (χ ⊕ = 0, θ ⊕ = 0, ϕ ⊕ = 0) say, we have to perform a coordinate change to center the catalog on the observer before selecting the object as in Eq. (19). The Minkowskian coordinates, x say, of a point in the frame centered on the observer are related to the "old" coordinates x (i.e in the frame centered on χ = 0) by
where M 0→⊕ is a matrix determined by the fact that the image of the "old" center χ = 0 is the observer's position
We recognize a Lorentz transformation. The same method applies when θ ⊕ = 0 and ϕ ⊕ = 0 but the matrices are not so straightforward, so that we do not consider them here. The catalog C(z) is then constructed as in Eq. (19) but using the points x instead of x, and the procedure of pair computation is not affected. We now generate some pair histograms in a universe whose spatial sections have the topology of the Weeks manifold using N = 1000 objects in the fundamental domain. In Fig. (6) we assume that Ω Λ = 0, Ω m0 = 0.2, that the observer stands at the center of the polyhedron (χ = 0) and that he uses a galaxy cluster catalog of depth z = 1. We then study the dependence on Ω m0 (see Fig. 7 where Ω m0 = 0.5), on the position of the observer (see Fig. 8 where the observer stands near a face) and on the catalog depth (see Fig. 9 where we assume that the observer is using a quasar catalog of depth z = 3).
As a matter of fact, we do not observe any peaks in these histograms, contrarily to the case of locally Euclidean universes. Let us try to understand why. Two kinds of pairs can give birth to peaks (see Fig. 10 ):
-Type I pairs of the form {g(x), g(y)} since for all points and all elements g of [y, g(y) ] for at least some points and elements g of Γ. Type I pairs are always present, whatever the topology. Their number roughly equals the number of copies of the fundamental domain within the catalog's limits. Type II pairs produce peaks when the separation distance between topological images is independent of the location of the source.
In compact locally Euclidean universes, type I and type II pairs are both present. The reason is that the 3-torus has the very special property that the separation distance of gg-pairs (i.e. any pair of images comprising an original and one of its ghosts, or two ghosts of the same object) is independent of the location of the source. In other Euclidean spaces the spectrum of ggpair distances varies with the location of the source. However all closed Euclidean 3-manifolds have the 3-torus as a covering space, so for each such manifold there will be some distances which are independent of the location of the source. As a consequence, the topological signal expected in the histogram from type I and type II pairs clearly stands out, as was shown in the simulations of Lehoucq et al. (1996) .
In compact hyperbolic manifolds, dist [x, g(x) ] always depends on the position x of the source (Thurston 1979 (Thurston , 1997 ). This fact is clearly illustrated by the numerical calculation of 1  1  0  0  1  1  00  00 00  11  11 11   00  00 00  00  11  11 11  11   000  000 000  000  111  111 111  111   Type I   00  00 00  11  11 11   00  00 00  00  11  11 11  11   000  000 000  111  111 2 are the generators of its holonomy group). Type I pairs are the ones between the ghosts of two distinct objects and type II pairs are the ones between two topological images of the same object (hexagon or square). Fig. 11 . The function dist [x, g1(x) ] for all the points located within the fundamental domain of Weeks manifold and on the disk ϕ = 0 for the generator g1 given in Appendix A. This illustrates the fact that this function depends on x in a locally hyperbolic manifold, contrary to Euclidean manifolds. Fig. 11 . Thus type II pairs cannot appear (see Fig. 10 ). Moreover, as shown in Sect. 3.1, the number of type I pairs is too low to generate significant peaks in the distance histogram. Hence the crystallographic method fails.
The small number of type I pairs in hyperbolic manifolds is due to the rigidity theorem which impose the volume of the manifold once the topology is determined contrary to Euclidean spaces where the characteristic sizes and the volume of the fundamental polyhedron can be choosen at will (since K = 0 the geometry does not impose any characteristic size).
In elliptic spaces, distances are position independent whenever the holonomy is a Clifford translation (Weeks, private communication) . A Clifford translation is an isometry g such that the displacement function dist (x, g(x) ) is constant. This is precisely what is required to get type II pairs in the histogram. All finite groups of Clifford translations of spheres are the cyclic group, the binary dihedral, tetrahedral, octahedral and icosahedral groups (Wolf 1984 ). Next (theorem 7.6.7 in Wolf 1984 : S 3 /Γ is a Riemannian homogeneous elliptic space if and only if Γ is a group of Clifford translations of S 3 . Given the classification of three-dimensional spherical space forms (see Sect. 7 of Lachièze-Rey & Luminet 1995), we deduce that all homogeneous elliptic spaces usable for cosmology, such as lens spaces 
or the Poincaré dodecahedral space, satisfy this property. The covering transformations which take a point to its nearest neighbours are Clifford translations (although the transformations to more distant neighbours might not be), and type II pairs can be produced.
Conclusion
In this article, we generalised the crystallographic method based on the existence of topological images, to universes with nonEuclidean compact spatial sections.
The analysis was performed with the smallest known compact hyperbolic manifold, where we expect to have the greatest number of topological images. It turns out that we do not observe, contrary to Euclidean universes, any peaks in the pair 3D separation histogram.
The absence of peaks is due to combined effects, of the mathematics and of the cosmological parameters. In elliptic universes, we have studied the influence of the cosmological parameters. As in the hyperbolic case, type I pairs can be observed for very small universes only and, as in the Euclidean case, type II pairs may be present, due to the fact that the holonomies are Clifford translations. However, such universes are not favored by the present estimates of the cosmological parameters (Proceedings of the "XXIII rd rencontres de Moriond").
We conclude that in practice, the crystallographic method will be able to detect the topology only if the universe is locally Euclidean. Such universes have the interesting property that the characteristic sizes of their fundamental domain are decoupled from the cosmological parameters and thus from the Hubble radius. Whatever the underlying geometry, discrete sources such as quasars, X-ray galaxy clusters or infrared galaxies can still help to investigate the cosmic topology by looking for multiple images of individual objects. Table A3 . Nine generators of the holonomy group. The nine other generators are defined by g k+9 = g −1 k and any element g ∈ Γ can be written as g = i∈I gn i ; ni ∈ {1, .., 18}. 
